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Abstract 

We introduce Zs-graded objects which are the generaUzation of the more fa- 
miUar Z2-graded objects that are used in supersymmetric theories and in 
many models of non-commutative geometry. First, we introduce the Z3- 
graded Grassmann algebra, and we use this object to construct the Z3- 
matrices, which are the generaUzations of the supermatrices. Then, we 
generalize the concepts of supertrace and superdeterminant. 
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I. INTRODUCTION 



Z2-graded algebras, which are the basic objects of supersymmetry, are well known since 
the works of F.A. Berezin, G.I. Kac, D.A. Leites, J. Wess and B. ZuminoBHl who introduced 
the concepts of supermatrices, supertrace and superdeterminant. These concepts will be 
generalized here. 

Recently, there have been many attempts to generalize Z2-graded constructions to the 
Zs-graded case^HEl. Many such attempts, though, were aimed at the description of exotic 
statistics. We think that our construction could describe some properties of the quarks, in 
particular the ternary aspects of their associations. 



II. THE Zs-GRADED GRASSMANN ALGEBRA 



The ordinary Grassmann algebra is generated by anticommuting entities: 

This can be viewed in the following way. Z2 is the group of the permutations of two 
elements. It can be represented by the real numbers ( — 1) and 1: 
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When an element of the permutation group is applied to the product of two generators, 
it is followed by the multiplication by the number representing this permutation. 

Similar operations can be performed with Z3, which is faithfully represented by the 
complex numbers 1, j and j^, where j is a cubic root of 1, e" 
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When one applies an element of the cyclic permutation group to the product of three 
generators, it is multiplied by the complex number representing this permutation: 

GiOkOi = jOkOiOi 

The generators defined in this way have the following properties: their cubes vanish, as 
also does a product of any four generators!. 

^- =0 

Therefore the dimension of the algebra generated by N independant elements is 

-N 



e's 00's 

eee's 

To restore the symmetry between grades 1 (the ^'s) and 2 (the ^^'s), we can add N grade 
2 generators 9i that behave like the products of two ^'s, that is 

SiOk = jOkOi 

In the case of the ordinary Grassmann algebra, the products of an odd number of gen- 
erators are automatically anticommutative, whereas the products of an even number of 
generators commute with all other elements. In the Za-graded case, this is no longer true. 
For example, 

but in the same time, OkOi and 9i6i, as grade elements, should commute with all other 
elements, leading to the relations OiiOkOi) = {9k9i)0i and OiOkOi = j'^{0i6i)9k = j'^Ok{0i9i), 
which are clearly contradictory. 



This leads us to impose the following relations on all elements of a definite grade (the 
grade of the product of two elements being the sum of their grades, modulo 3). Let us 
denote by a, 6, . . . the elements of grade 0, hy A, B, . . . the elements of grade 1, hy A, B , . . . 
the elements of grade 2 and by X an element of arbitrary grade. Then the rules 

aX — Xa 
AA = jAA 

define entirely the Zs-graded Grassmann algebra. We obtain the ternary rules 616^61 — 
j^k^i^i and 9i9k0i — j^0k0i9i directly from the second rule by replacing A and A with 
products of one or two generators 9 or 6. 

With the unit element I, the algebra contains the following elements: 

Grade 0: I, 66, 699, 999 
Grade 1:9,99 
Grade 2:9,99 

and its dimension is 

D ^1 + 2N + 3N^ + 2 = 

3 3 

One can note that the grade elements recall formally the only observable combinations 
of quark fields in chromodynamics based on the SU{3) symmetry, that is the mesons which 
are the combinations qq of one quark and one antiquark, and the hadrons which are the 
combinations qqq or qqq of three quarks or three antiquarks. 

Prom now on, we shall denote the grade of an object X by dX. 

III. Z3-MATRICES 

We define the Zs-matrices in analogy with the supermatrices, which form a Z2-graded 
matrix algebra and whose entries are elements of a Grassmann algebra. 
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First, we define a Zs-graded complex matrix algebra by dividing the algebra ^ of 3 x 3 
block matrices into three parts ^4 = .4o © .4i © A matrix is an element of Aq (resp. Ai, 
A2) and is of grade (resp. 1, 2) if it has the form shown below: 

/ 



^ A 0^ 



B 
C 



, resp. 



0^0 
B 
COO 



^ ^ A^ 



BOO 
C 



This gives a Zs-graded structure to the algebra of matrices, in the sense that the grade 
of the product of two matrices is the sum of the grades of these matrices modulo 3. 

We can then tensorize this graded algebra with our Zs-graded Grassmann algebra, the 
grade of a Za-matrix being the sum modulo 3 of the grade of the matrix and of the grade of 
the Grassmann element. So a Za-matrix is of grade (resp. 1, 2) if its blocks contain only 
Grassmann elements with the respective grades: 



^0 2 1^ 




S 2 ^ 
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It is easy to verify that the grade of the product of two Zs-matrices is the sum of their 
grades modulo 3. 

The algebra of Zs-matrices contains a neutral element, X, the Za-matrix whose only 
non- vanishing elements are the unit of the Grassmann algebra occupying the main diagonal. 
The existence of this element enables us to define the invertibility of a Za-matrix. 

Theorem 1 (a) A block of a Tj^-matrix is invertible if and only if the block matrix formed 
with the coefficients of I in the development of the elements of the block over the grade 
elements of the Grassmann algebra (I, 99, 999, 999 ) is invertible. 

(b) A Zs-matrix is invertible if and only if its grade blocks are invertible. The inverse of 
a grade 1 (resp. 2, 0) Z^-matrix is a grade 2 (resp. 1, 0) Z^-matrix. 
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(c) The product of two invertible 'L^-matrices is an invertible 'L^-matrix. 
Proof. 

(a) Let us decompose a Zs-matrix M into its complex component matrices along the 
elements of the Grassmann algebra: M = M^l + M^,9^ + M^O^ + M^^df^dy + Mf^J^Oy + 
Mfj^iiOj)^ + Mij_,^^9i^9y6^ + Mfj_i,jfiJ)ydr,. We also consider another Zs-matrix A'" that we 
decompose in the same way. Then it is easy to see that the component of MN along I 
is M0N0 (no product of two generators different from I can give something proportional 
to I) so that for M to be invertible, its component M0 must be invertible. Conversely, 
if M0 is invertible, let us put N0 — (Mg)"^. Then the product MN differs from I only 
in terms of degree 2 and higher. However, we can choose A^^ = — (M0)"^M^(M0)^^ 
and A''^ = — (M0)~^M^(M0)~^. This way, MN differs from I only in terms of degree 
3 and higher. Choosing the higher-level components of N in the same way, it is easy 
to expel these terms to higher degrees, until we have actually constructed the inverse 
of M, because of the finite number of terms in the development and of their cubic 
nilpotence. 

(b) For this part of the theorem, we can use the proof of part (a) by noting that the 
component M0 of a matrix M has non-zero coefficients only in positions corresponding 
to grade blocks. X being of grade 0, it is obvious that the sum of the grades of a 
Za-matrix and of its inverse should be modulo 3. 

(c) The component along I of the product of two invertible matrices is the product of 
their components along I, which are invertible matrices by virtue of (b) and (a). These 
components being ordinary matrices, their product is an invertible matrix. We use (b) 
once more to conclude. ■ 

The left (resp. right) product of a supermatrix by an element A of the ordinary Grass- 
mann algebra is defined as its left (resp. right) multiplication by the supermatrix 
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Generalizing this idea, we define the left (resp. right) product of a Za-matrix by an 
element A of the Grassmann algebra as its left (resp. right) multiplication by the following 
diagonal Zs-matrix: 



A 



fx 



Note that in general, AM ^ MA, but we have A(MA^) = (AM) AT, (MA) AT = M(AA^), 
M(iVA) = {MN)X and \{Mii) = {XM)fj, which give our algebra the structure of a bimodule 
with respect to the Grassmann algebra. 



Definition 2 Let us define a Z^-matrix M with the following block structure: 



^ A B 



M 



\ 



DBF 
G H I 

Its Zs-trace is defined by: trz,{M) = tr{A) + ^^.^^^ + j{i-dM) ^^^j^ 



/ 



that is: 



If M is of grade 0, then trz3(M) = tr(A) + f. tr(^) + j. tr(/) 



If M is of grade 1, then trz3(M) = tr(A) + tr{B) + tr(/) 
If M is of grade 2, then trz3(M) = tr(A) + j tT:{B) + f tr(/) 



The supertrace of a supermatrix M — 



-if-dM tr(D). 
The following theorem can be easily proved: 



was defined by strM = tr(A) + 



Theorem 3 (a) // M and N are of the same grade, 

trz3 (M + N)^ trz3 (M) + tr^, (N) 

(b) tvzsiXM) = XtvzsiM) and trzs{MX) = trzs{M)X 

(c) •IfM and N are of grade then tr^g (MiV) = tr^g (iVM) 

• If M is of grade 1 and N of grade 2, then Irx^iMN) = jlTxaiNM) 

Corollary 4 • If M,N and P are of grade 1 then tr^j {MNP) = j trzg {NPM) 
• If M,N and P are of grade 2 then tvz^iMNP) = ftvz^iNPM) 

The proofs are straightforward, and the only non trivial observation concerns the fact 
that tic{MN) — tr(7VM) is not always true if M and AT's coefficients are not numbers. 
Finally, we can define the generalization of the superdeterminant this way: 

Definition 5 Za-determinant: If M is a grade invertible Zs-matrix, then its Z3- 
determinant is 

detz,{M) = det{A - CI'^G - {B - CI-^H){E - FI-^H)-\D - FI-^G))x 

x{det{E - FI-^H)y\detiy 

Theorem 6 If M and N are two invertible grade Z^-matrices, 

detz3(M7V) = (detz3M)(detz3 A^) 

Proof. Any grade invertible Zs-matrix can be decomposed into the product of three 
Zg-matrices: M = M1M0M2 with 
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/l {B - CI-^H){E - FI-^H)-^ CI-^' 
Ml = 1 

Vo 1 

fA-CI-^G-{B-CI-^H){E-FI-^H)-^{D-FI-^G) O" 
Mo = E-FI-^H ) (1) 

V / 

/ 1 0' 

M2= (i:'-i^/-iG)(£;-F/-ii?)-i 1 

It is very easy to show that the theorem is true for any M if is block-diagonal or inferior- 
block-triangular with the identity in the diagonal blocks. It is also easy to generalize to 
an arbitrary in the case where M is block-diagonal or superior-block-triangular with the 
identity in the diagonal blocks. Therefore, we have: 

detz3(MAr) = detz3(Mi) detz3(Mo) detz3(M2A^i) detz3(A^o) detz3(iV2) = 

= detz3(M) detz3(M2A^i) det^,{N) 

(I 0\ 

and the theorem remains to be proved only for M of the form A 1 and 

\B C l) 

fl D E\ /10S\/100\ /I OS 

of the form OIF. One can note that OIC OIC" = OIC + C" 

VO 1 / VO 1 / Vo 1 / VO 1 

'lAB\nA'0\ nA + A'B\ /1AB\/10B'\ flAB + B'X 

01C 010 = 1 C and 01C 010 = 01 C so 

,0 1 y VO 1 y vo o i y vo o i y vo o i y vo o i y 

that we can construct the matrix Ni, element by element, starting from the matrix that 
contains only its diagonal blocks, using left multiplication by a series of matrices that con- 
tain only one non-zero element out of the diagonal blocks. 

We show the theorem for M of the form of M2 and containing only one element out 
of the diagonal blocks, using the fact that if dX ^ 0, then (1 + X)° = 1 + aX + ^^^X^. 
If Ni = N^Nl we can decompose M2N1 in the form ||. Then, 

detz3(M2A^i) = detz3((M2ArO)i(M2A^{')o(M2ArO)2.A^i) = 
= detz3((M2A^?)o)detz3((M2A^{')2.A^i^) = detz,{{M2N^)o) 
if Nl contains only one element out of its diagonal blocks. But detz3((M2A^{')o) = 
detz3(M2A^i ). We can perform the same operation, until only the product of M2 and the 
matrix formed with the diagonal blocks of A^i (which are the identity) remains. Thus 
detz3(M2Ari) = 1. ■ 



Theorem 7 If M is a grade invertible Tis-matrix, its Xs-determinant can also be expressed 
in the following five alternative ways: 



detz,{M) = det(^ - CT^G) x 

x{det{E - FI-^H -{D- Fr^G){A - CI-^G)-\B - CI-^H))y\det ly 

detz3(M) = (det A).(det(E - DA-^B - (F - DA-^C){I - GA-^C)-\H - GA-^B))y^x 
x{det{I -GA-^C)y 

detz3(M) = (det^)(det(£; - DA-^B)y^x 

x(det(/ - GA-^C -{H- GA-^B){E - DA-^B)-\F - DA-^C))y 

detz3(M) = (det(A - BR-^D - (C - BE-^F){I - HE-^F)-\G - HE~^D)))x 
X (det Ey\det{I - HE-^F)y 

detz3(M) = (det(^ - BE-^D){dei Ey^ x 

x(det(/ - HE-^F - {G - HE-^D){A - BE-^D)-\C - BE-^F))y 



Proof. We use the foUowing decompositions of M: 





DA-^ 1 (F - DA-^C)iI - GA-^C) 




E - DA-^B - (F - DA-^C)(I - GA-^C)-^(H - GA-^B) 
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and make use of the theorem ^. ■ 

In the case of the super determinant, the following two expressions are equivalent: 



sdet 



C D 



det{A- BD-^C).{detD)-^ = detyl.(det(D - CA'^B))-^ 



This restores the symmetry between the two diagonal elements on the one hand, and between 
the two off diagonal elements on the other hand. Here we have six expressions, restoring 
the 5*3 symmetry between the three grade 0, grade 1 and grade 2 elements of the Za-matrix 
which is broken in any expression separately chosen. 

Theorem 8 If M is a grade invertible 3x3 Ij^-matrix, then 

detz3(expM) = exp(trz3 M) 



Proof. Let M be the matrix: 



^ a A 



\ 



J 



M= B b B 
C C c 

where a, b, c are three grade invertible elements of the Grassmann algebra (they must be 
invertible in order for M to be invertible, see theorem A,B,C are three grade 1 elements 
of the Grassmann algebra, and A, B, C are three grade 2 elements of the Grassmann algebra. 
Assuming that a, 6, c are distinct, straightforward calculus give the following expression for 
the exponential of the matrix M: 

' + /(a, b)AB + /(a, c)AC + g{a, 6, c){ABC + 3.CBA) 
expM= h{a,b)B + l{a,b,c)BC 
y h{a,c)C + l{a,b,c)CB 



h{a,b)A + l{a,b,c)AC 
+ ffib, c)CB + j.fib, a)AB + j.g{b, c, a){ABC + j.CBA) 
h{b, c)C + l{a,b, c)CA 
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where 



h{a,c)A + l{a,b,c)AB^ 
h{b,c)B + l{a,b,c)BA 
+ f.fic, a)AC + /(c, b)CB + f.gic a, b)iABC + j.CBA) J 



fix,y) 



[x — y — l)e^ + 
{x - yf 



g{x,y,z) 



1 



1 



1 



(x-y){x-z) {x-y){x-zY (x-z)(x-yY 



+ 



+ 



{y-z){y-xY (z-y){z-x) 



h{x,y) 



o-^ py 



x-y 



l{x,y,z) 



{x-y){x-z) {y - z){y - x) {z - x){z - y) 



From this we compute 



detz3(exp M) = e"+^'''+^'= [l + {e~''f{a, b) + e'^fib, a) 

+ {e-''f{a,c) + e-'f{c,a) 
+j{e-'^f{c,b) + e-'f{b,c) 



o-(,a+b) 



_ „-(a+c) 



_ p-ib+c) 



{h{a,b)f)AB+ 
{h{a,c)f)AC+ 
ih{b, c)y)CB+ 



+ {e~''g{a, b, c) + e'^gib, c, a) + e-"^(c, a, b) + e-("+^+^)/i(a, b)h{b, c)h{c, a)- 
-(e-('^+'')/i(a, b) + e-('^+^)/i(a, c) + e-(^+'=)/i(6, c))/(a, 6, c))(^SC' + i-CSA)] 

and it is then easy to verify that all terms inside the brackets vanish, except for I. The cases 
where a = b, b = coTC = a are just limits of the previous case. ■ 

These constructions will be used in a forthcoming paper concerning the construction of 
a gauge theory based on a Zs-graded non-commutative geometry model similar to the one 
used by Coquereaux et a/.0, using instead Kerner's differential whose cube is zero, whereas 
its square is notl. 
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